Abstract. By constructing, in the relative case, objects analoguous to Rips and Sela's canonical representatives, we prove that the set of conjugacy classes of images by morphisms without accidental parabolic, of a finitely presented group in a relatively hyperbolic group, is finite.
It is attractive to try to formulate a group-theoretic analogue of this statement : the problem is to find conditions such that the set of images of a group G in a group Γ is finite up to conjugacy.
If Γ is word-hyperbolic and G finitely presented, this has been the object of works by M. Gromov ([G] Theorem 5.3.C') and by T.Delzant [Del] , who proves the finiteness (up to conjugacy) of the set of images by morphisms not factorizing through an amalgamation or an HNN extension over a finite group.
As a matter of fact, if a group G splits as A * C B and maps to a group Γ such that the image of C in Γ has a large centralizer, then in general, there are infinitely many conjugacy classes of images of G in Γ. Technically speaking, if h is the considered map, one can conjugate h(A) by elements in the centralizer of h(C), without modifying h(B), hence producing new conjugacy classes of images. A similar phenomenon happens with HNN extensions.
We are interested here in the images of a group in a relatively hyperbolic group (typically a geometrically finite Kleinian group). Our result, Theorem 0.2, gives a condition similar to the one of Thurston, ruling out the bad situation depicted above, and ensuring the expected finiteness.
Relatively hyperbolic groups were introduced by M.Gromov in [G] , and studied by B.Farb [F] and B.Bowditch [B2] , who gave different, but equivalent, definitions (see Definition 1.2 below, taken from [B2] ). In Farb's terminology, we are interested in "relatively hyperbolic groups with the property BCP". The main example is the class of fundamental groups of geometrically finite manifolds (or orbifolds) with pinched negative curvature (see [B1] , see also [F] for the case of finite volume manifolds). Sela's limit groups are hyperbolic relative to their maximal abelian non-cyclic subgroups, as shown in [D] .
Definition : We say that a morphism from a group in a relatively hyperbolic group h : G → Γ has an accidental parabolic either if h(G) is parabolic in Γ, or if h can be factorized through a non-trivial amalgamated free product G
where f is surjective, and the image of C is either finite or parabolic in Γ.
We prove the theorem :
Theorem 0.2 Let G be a finitely presented group, and Γ a relatively hyperbolic group. There are finitely many subgroups of Γ, up to conjugacy, that are images of G in Γ by a morphism without accidental parabolic.
It would have been tempting to apply this to the mapping class group M od(S) of a surface, which is known to be "relatively hyperbolic", after the study of H.Masur and Y.Minsky of the complex of curves [MM] . The study of homomorphisms π(B) → M od(S) is important because it is directly related to the geometric Shafarevich conjecture (see the survey of C.McMullen [McM] ). Unfortunately, the relative hyperbolicity of the mapping class group is to be understood in a weak sense : the property BCP, or equivalently the fineness (see Definition 1.2) is not fulfilled.
Also note that Theorem 0.2 generalises Theorem 0.1 in the case of closed surfaces: if a surface group π 1 (S) acts on a tree, an element associated to a simple curve in S fixes an edge. Therefore, if a morphism from π 1 (S) to π 1 (N ) (with notations of Theorem 0.1) has an accidental parabolic, it sends a simple curve of the closed surface S in a parabolic subgroup of π 1 (N ).
We will begin by introducing the definitions and the objects of the theory of relatively hyperbolic groups. Then, in order to follow Delzant's idea in [Del] , we will generalize, in section 2, the construction of canonical cylinders of Rips and Sela [RS] (Theorems 2.8 and 2.16). The main difficulty comes from the fact that the considered hyperbolic graph is no longer locally finite. Finally, we prove Theorem 0.2 in section 3.
I would like to thank Thomas Delzant for the interesting discussions we had.
1 Relatively Hyperbolic Groups.
Definitions
A graph is a set of vertices with a set of edges, which are pairs of vertices. One can equip a graph with a metric where edges have length 1. Thus this geometrical realization allows to consider geodesic, quasi-geodesic and locally geodesic paths in a graph. A circuit in a graph is a simple simplicial loop (without self intersection). In [B2] , B. Bowditch introduces fine graphs : Definition 1.1 (Fineness) [B2] A graph K is fine if for all L > 0, for all edge e, the set of the circuits of length less than L, containing e is finite. It is uniformly fine if this set has cardinality bounded above by a constant depending only on L.
We will use this definition as a finiteness property of certain non-locally finite graphs.
Definition 1.2 (Relatively Hyperbolic Groups)[B2]
A group Γ is hyperbolic relative to a family of subgroups G, if it acts on a hyperbolic and fine graph K, such that stabilizers of edges are finite, the quotient Γ\K is a finite graph, and the stabilizers of the vertices of infinite valence are exactly the elements of G.
We will say that such a graph is associated to the relatively hyperbolic group Γ. A subgroup of an element of G is said to be parabolic.
As there are finitely many orbits of edges, a graph associated to a relatively hyperbolic group is uniformly fine.
Angles and Cones
As already exposed in [DY] , from which this section is partially borrowed, angles and cones are useful tools for the study of fine graphs.
Definition 1.3 (Angles)
Let K be a graph, and let e 1 = (v, v 1 ) and e 2 = (v, v 2 ) be edges with one common vertex v. The angle Ang v (e 1 , e 2 ), is the shortest length of the shortest of the paths from v 1 to v 2 , in K \ {v}. It is +∞ if there is no such path.
The angle between two simple simplicial (oriented) paths having a common vertex is the angle between their first edges after this vertex.
If p is a simple simplicial path, and v one of its vertices, Ang v (p) is the angle between the consecutive edges of p at v, and its maximal angle MaxAng(p) is the maximal angle between consecutive edges of p.
In the notation Ang v (p, p ′ ), we will sometimes omit the subscript if there is no ambiguity. The first statement follows from the triangular inequality for the length distance of K \ {v}. The second statement is obvious. Finally, if e 1 = (v 1 , v) and e 2 = (v, v 2 ) are two consecutive edges in the circuit, the circuit itself gives a path of length L − 2 from v 1 and v 2 avoiding v.
Definition 1.5 (Cones)
Let K be a graph, d > 0 and θ > 0. Let e be an edge, and v one of its vertices. The cone centered at (e, v), of radius d and angle θ is the set of vertices w at distance less than d from v and such that there exists a geodesic [v, w] satisfying the property that its maximal angle and its angle with e are less than θ : Let K be a fine graph. Given an edge e and a number θ > 0, there exists only finitely many edges e ′ adjacent to e such that Ang(e, e ′ ) ≤ θ.
There are only finitely many circuits shorter than θ containing e. 
Let [y, z] be a geodesic, defining a triangle (x, y, z), which is δ-thin. We consider the vertices y ′ and z ′ on [x, y] and [x, z] located at distance 10δ from x. As the angle at x is greater than 50δ, they are not 30δ-close to each other. Therefore, they are δ-close to the segment [y, z], and we set y ′′ , respectively z ′′ , in [y, z] at distance less than δ from x ′ , respectively y ′ . Consider
Its length is less than (2 × 10δ + 2δ) × 2 ≤ 50δ, and it contains x. The small transitions are sufficiently far away, so that they do not contain x. The third part of Proposition 1.4 proves that x ∈ [y ′′ , z ′′ ], and Ang x ([y ′′ , z ′′ ]) ≥ θ − 50δ.
Lemma 1.9 (Cones and circuits)
Let e be an edge of a graph uniformly fine, and w a vertex that lies in a circuit containing e and of length less than L. Then w ∈ Cone L,L (e, v).
Let C be the considered circuit, and let g be a geodesic segment between v and w. The concatenation of g and one of the two paths in C from w to v is a loop. Hence, one has two loops containing g, one of them containing e, one not, and both of length less than L. If g has an angle greater than L, then the corresponding vertex would not be in a sub-circuit of each of the two loops, and therefore, the circuit C would pass through this point twice, which contradicts the definition of circuit. For the same reason the angle between e and g is less than L, and therefore, w ∈ Cone L,L (e, v). 
Proposition 1.11 (Conical stability of quasi-geodesics)
In a δ-hyperbolic uniformly fine graph, let g : [a, b] → K be a geodesic segment, and let
Let w be a vertex in q at distance at least 2r from the ends. Then there exists a constant N Λ,δ depending only on Λ, and δ, and there exists an edge e in g, such that w ∈ Cone N Λ,δ ,N Λ,δ (e, v).
It is a classical fact ( [G] , 7.2 A, [CDP] , [GH] ) that q remains at a distance less than D(Λ, δ) from the segment, for a certain constant D(Λ, δ). We consider the loop starting at w, consisting of five part : a subsegment [w, w 1 ] of q, of length less than 10.D(Λ, δ), and strictly less if and only if w 1 = q(b), a segment [w 1 , w 2 ] of length less than D(Λ, δ) and where w 2 ∈ g (we call it a transition), a subsegment [w 2 , w 3 ] of g of length less than 20.D(Λ, δ) (strictly less if and only if w 3 = g(a)), then again a transition from w 3 to q shorter than D(Λ, δ), and then a subsegment of q to w. As, in any case w is sufficiently far from the transitions, with respect to their length, it does not belong to them, and this loop contains a sub-circuit shorter than 25ΛD(Λ, δ), containing w and an edge of g. The Lemma 1.9 gives the result.
Canonical cylinders for a family of triangles
In the following, K is a graph associated to a relatively hyperbolic group Γ, and is δ-hyperbolic. We choose a base point p in K. The aim of this section is, given a finite family F of elements of Γ, to find a finite set (a cylinder ) around each segment [p, γp] with γ ∈ F ∪ F −1 . This construction will be such that for all α, β, γ in F ∪ F −1 that satisfy the equation (αβγ = 1), the three cylinders around [p, αp] ,
, coincide pairwise on large parts around the vertices p, αp and αβp (see Theorem 2.8).
Our approach is similar to the original one in [RS] . However, let us emphasize that Rips and Sela use the fact that the balls in Cayley graphs are finite. In the graph we are working on, it is not the case.
Coarse piecewise geodesics
We closely follow [RS] . Let λ = 1000δ, µ = 100.N λ,δ and ǫ = N λ,δ as in Proposition 1.11.
Definition 2.1 (Coarse piecewise geodesics)([RS] 2.1)
Let l be a positive integer.
In this case, we say that
f | [c i ,d i ] is a sub-local-geodesic, and f | [d i ,c i+1 ] is a bridge.
Lemma 2.2 There exists a constant C(δ) such that the following holds :
For all l-coarse-piecewise-geodesic f defined on [a, b] , and all sub-local-geodesic
is in a cone of radius and angle ǫ centered on an edge of a geodesic
The quasi-geodesic f stays at bounded distance from the geodesic, hence, the sub-localgeodesic containing z has a large subsegment that stays at distance 5δ from g, and where we can apply Proposition 1.11.
Lemma 2.3 (Re-routing coarse piecewise geodesics)([RS]2.3)
With the notations of the previous lemma, assume that the part of f [c,d] from f (c) to z has length more than l + ǫ and |z − f (d)| ≥ C(δ). Consider ρ a shortest path from z to a point z ′′ in g, and let z ′ be the last vertex of f [c,d] 
f by re-routing f after z ′ by ρ and then, by the remaining part of g to y, is a l-coarse-piecewisegeodesic. This is identical to Lemma 2.3 in [RS] , and we only sketch the proof. As ρ has length less than ǫ, the first part of the re-routed sub-local-geodesic is still longer than l, and ρ is convenient for a bridge. To see that we get a quasi-geodesic, we note that it is a local quasi-geodesic.
Cylinders
Definition 2.4 (l-Cylinders) [RS] Let l ∈ N. The l-cylinder of two points x and y in K, noted Cyl l (x, y), is the set of the vertices v lying on a l-coarse-piecewise-geodesic from x to y, with the additional requirement that v is on a sub-local-geodesic f | [c,d] 
Lemma 2.5 (Cylinders are finite)
The l-cylinder of two points x and y is contained in the union of the cones of radius and angle ǫ centered in the edges of an arbitrary geodesic segment [x, y] . This is a consequence of Lemma 2.2.
Multiplication on the left by γ −1 is an isometry of K.
Choosing a good constant l for l-cylinders
Definition 2.7 (Channels)([RS] 4.1) Let g = [v 1 , v 2 ] be a geodesic segment in K. A geodesic not shorter than |v 2 − v 1 | that
stays in the union of the cones of radius and angle ǫ centered in the edges of g is a (|v
As cones are finite (Corollary 1.7), the number of different channels of a segment of length L is bounded above by a constant depending only on δ and L. We note the capacity of a segment of length L, Capa(L), such a bound.
Recall that µ = 100.N λ,δ , and that C(δ) is the constant given by the Lemma 2.2. For an integer n, we set λ(n, δ) = 24Capa(µ)C(δ) 2 (n + 1).
Theorem 2.8 Let F be a finite family of elements of Γ ; we set n = (2Card(F )) 3 where Card (F ) is the cardinality of F . Let p be a base point in K.
There exists l ≥ 10µ such that the l-cylinders satisfy : for all α, β, γ in
(and analogues permuting x, y and z) where R x,y,z = (y · z) x − 3(µ + λ(n, δ)), is the Gromov product in the triangle, minus a constant.
We will find a correct constant l among the l i previously defined. We have 12(n+1)Capa(µ))C(δ) different candidates. There are at most n different triangles satisfying the condition, hence, we have a system of at most 3n equations. It is then enough to show the next lemma. To prove this claim, we argue by contradiction, assuming that (4Capa(µ)C(δ) + 1) constants l i do not satisfy this equation. For each of them, there is a vertex v i in one cylinder and not in the other : there exists β i , a l i -coarse-piecewise-geodesic from v i to y (or to z) but there is none from v i to z (or to y). Each of the β i is made of sub-local-geodesics of length at least l 1 = C(δ), with transitions shorter than ǫ. Then, each of the β i has a sub-local-geodesic passing through a µ-channel of a subsegment of [x, y] starting at distance R x,y,z + λ(n, δ) from x or at distance R x,y,z + λ(n, δ) + µ. There are less than 2Capa(µ) such channels, therefore, there is a channel, say Chan, in which a sub-local geodesic, say β ′ i , pass, for 2C(δ) + 1 different indexes i. Let us re-label them : i 1 < i 2 < . . . < i 2C(δ)+1 .
Lemma 2.9 Given an arbitrary equation
Consider β i 1 . Its sub-local geodesic β ′ i 1 ends at distance at most l i 1 + C(δ) from the end of Chan. If not, it could be rerouted (by Lemma 2.3) on the geodesic segment [x, y] , and therefore, at distance l i 1 further, it could be rerouted to either [x, y] or [x, z] . This would prove that v i 1 is in both cylinders Cyl i 1 (x, y) and Cyl i 1 (x, z), which contradicts our assumption.
Consider now another β i k . Then its sub-local geodesic β ′ i k ends strictly before (in length) the end of β ′ i 1
. If not, we could change β i 1 just after Chan, by passing through β ′ i k (it remains a µ-local geodesic), and a part of β i k . As l i 1 ≤ l i k − 2C(δ), on the next sub-local geodesic, it is possible to reroute our path on [x, y], the new path remaining a l i 1 -coarse-piecewise-geodesic. This would give the same contradiction as before.
Moreover, the difference of length between the remaining parts of β ′ (at distance C(δ) from the end). This again gives the same contradiction. Now, we see that each β ′ i k has a remaining length after Chan, all staying in an interval on N of length 2C(δ) − 1, and all different (as proven by the second re-routing procedure). Hence there is at most 2C(δ) different β i k , which is a contradiction with our assumptions above.
Decomposition of cylinders into slices
From now, we choose a constant l given by the previous theorem, and all considered cylinders will implicitly be l-cylinders.
Let Θ = 10000D, where D is a constant such that a λ-quasi-geodesic remains at distance D from a geodesic in a δ-hyperbolic graph (here λ = 1000δ).
Let Cyl(a, b) be a cylinder, and x ∈ Cyl(a, b). We define the set N
Here R stands for "right", and N (a,b) L (x) is similarly defined changing the condition |a − x| < |a − v| into |a − x| > |a − v|. As cylinders are finite, those sets are also finite.
Definition 2.10 (Difference) [RS]3.3 Let Cyl(a, b) be a cylinder, and x, y two points in it. We define Diff a,
where Card(X) is the cardinality of the set X.
The decomposition into slices given by Rips and Sela in the hyperbolic case ( [RS] ) will not work properly here, because of large angles. Thus, we choose a slightly different procedure.
Definition 2.11 (Parabolic slices in a cylinder)
In a cylinder Cyl, a parabolic slice is a singleton {v} ⊂ Cyl such that there exists vertices w and w ′ in Cyl, adjacent to v and such that Ang v ((v, w), (v, w ′ )) ≥ 2Θ + 50δ. The angle of a parabolic slice is M ax w,w ′ ∈Cyl (Ang v ((v, w), (v, w ′ )). Let w and w ′ be vertices in Cyl (a,b) , adjacent to v, such that Ang v ((v, w), (v, w ′ )) = A. Each of them lies on a coarse piecewise geodesic. Let [a, b] be a geodesic segment. From the point w, move backward on the corresponding coarse piecewise geodesic, for a length of 50D, then move on the geodesic segment by a short path of length less than D, then move forward on [a, b] for a length of 100D, then move on the coarse piecewise geodesic corresponding to w ′ , by a sement of length D , then move backward on to w ′ , finally move to v, and to w by the two given edges. We get a loop of length less than 202D + 2, containing the large angle at v. Because it is too far from them, in respect to their length, v does not belong to the two small segment of length D. This means that it belongs to the segment [a, b] , and that this segment has an angle greater than A − 202D − 2 ≥ A − Θ at this point. Recall that l-coarse-piecewise-geodesics are λ-quasi geodesics, hence staying D-close to the segment [a, b] . Hence, by an argument similar to Lemma 1.8, any of them passes at the vertex v. This defines a l-coarse-piecewise-geodesic from a to v, and another from v to b, and therefore
Moreover, each l-coarse-piecewise-geodesic from a to v (resp. from v to b) can be extended into a l-coarse-piecewise-geodesic from a to b by a geodesic segment [v, b] (resp. [a, v]) : it suffices to see that such a geodesic segment extend the last (resp. the first) sub-local geodesic, into a sub-local geodesic, and this is a consequence of Lemma 1.8. This proves the other inclusion and the equality Cyl(a, b) = Cyl(a, v) ∪ Cyl (v, b) .
The definition of parabolic slices depends only on local behavior in the cylinder, hence, the parabolic slices before v are the same in Cyl(a, b) and Cyl(a, v). Let w, w ′ be two elements in Cyl(a, v). As the angle at v is large enough, both N 
, both being nonequal, and therefore, Diff a,b (v, v ′ ) = 0 which is a contradiction since they both are in the same regular slice. The same happens if |v − v ′ | ≥ 200δ, and this proves the lemma.
Ordering of slices. We assign an index to each slice of Cyl(a, b) as follows. S 0 is the slice containing a. Let v 1 , . . . , v k be the consecutive parabolic slices. We define then S j+1 to be the unique regular slice of the cylinder Cyl(a, v 1 ) such that Diff(S j , S j+1 ) is minimal, and from where the point v 1 has been removed, if it happened to be in the slice. If S j is the last slice in Cyl(a, v 1 ), then the parabolic slice {v 1 } is labeled S j+1 . Then among the regular slices of a cylinder Cyl(v i , v i+1 ), we define S j+1 to be the (unique) slice such that Diff(S j , S j+1 ) is minimal, and from where v i or v i+1 has been removed. If S m is the last regular slice of a cylinder Cyl(v i , v i+1 ) (for i < k), then the parabolic slice {v i+1 } is S m+1 . Finally we order the slices of the last cylinder Cyl(v k , b) in the same way (see Figure 3) .
Theorem 2.16 (Coincidence of the decomposition in slices)
With the notations of Theorem 2.8, let (x, y, z) = (p, αp, γ −1 p) be a triangle in K, such that α, β, γ are in F ∪ F −1 , and αβγ = 1.
The ordered slice decomposition of the cylinders is as follows.
Cyl(x, y) = (S 1 , . . . ,
Where S i , T i and V i are slices and where each H v , (v = x, y, z) is a set of less than 10λ(n, δ) consecutive slices, with no parabolic slice of angle more than 3Θ + 100δ.
The sets H v are called the holes of the slice decomposition.
By Theorem 2.8, the cylinders Cyl(x, y) and Cyl(x, z) coincide in B x,Rx,y,z . Therefore the parabolic slices they contain, and that are located in B x,Rx,y,z−2 are the same.
Before a common parabolic slice, the cylinders coincide, and it is a consequence of the process of ordering that the ordered slices also coincide.
We treat now the case of regular slices that are not before a common parabolic slice. Let v and w be in B x,Rx,y,z−200δ and in Cyl(x, y). The sets N In other words, the slice decomposition of Cyl(x, y) and Cyl(x, z) coincide at least until their last common parabolic slice, and for all slices in B x,Rx,y,z−200δ . A similar statement holds for the other pairs of cylinders.
Furthermore, any parabolic slice of Cyl(x, y) of angle greater than 3Θ + 100δ is a parabolic slice of either Cyl(x, z) or Cyl(z, y). Indeed, if S is such a slice in Cyl(x, y), then by Lemma 2.13, a segment [x, y] has an angle more than 2Θ + 100δ at this point, and therefore, one of the two segments [x, z] and [z, y] has an angle more than Θ at this point, and S is a parabolic slice for its cylinder. This, with the previous statement of the coincidence of slices, proves the theorem.
Image of a group in a relatively hyperbolic group
In this section we consider Γ a relatively hyperbolic group with graph K, and G a finitely presented group with a morphism h : G → Γ. We want to explain how to adapt Delzant's method, given for hyperbolic group in [Del] , to the relative case, in order to obtain an analogue to Thurston's theorem 0.1.
Definition 3.1 (Accidental parabolic)
We say that the morphism h : G → Γ has an accidental parabolic either if h(G) is parabolic in Γ, or if there exists a non-trivial amalgamated free product A * C B, or an HNN extension A * C , and a factorization of h :
surjective and the image of C by h ′ is a finite, or parabolic subgroup of Γ.
Lemma 3.2 If a subgroup H of Γ has a finite orbit in the graph K, then either H is finite or it is parabolic.
The subgroup H has a subgroup of finite index P , fixing a point in K. Assume that H is infinite, and not equal to P . As P is also infinite, it is parabolic, and its intersection with its conjugates in H is infinite. But it is easily seen from fineness that the intersection of two distinct conjugates of a maximal parabolic subgroup is finite in a relatively hyperbolic group. Hence, H is itself parabolic.
In the rest of this section, we prove the next theorem.
Theorem 3.3 Let G be a finitely presented group, and Γ a relatively hyperbolic group. There is a finite family of subgroups of Γ such that the image of G by any morphism h : G → Γ without accidental parabolic is conjugated to one of them.
Let h be a morphism h : G → Γ. We will construct a factorisation of h through a certain graph of group, and then we will deduce that either h has an accidental parabolic, or h(G) is conjugated to a subgroup of Γ generated by small elements.
We choose a triangular presentation of G :
. . , g k |T 1 , . . . , T n > with n relations which are words of three (or two) letters. This defines a Van Kampen polyhedron P for G, which consists of n triangles and digones.
Then, we choose a base point p of the graph K associated to the relatively hyperbolic group Γ, which is a non-parabolic vertex (its stabilizer is finite). We consider the cylinders, and their decomposition in slices of the triangles obtained by the Theorems 2.8 and 2.16, for the family F = {h(g 1 ), . . . , h(g k )} ⊂ Γ and the base point p ∈ K.
This allows to build a lamination Λ on P . For a generator g i of G, let L r i be the number of regular slices of the cylinder of [p, h(g i )p] in K, and L p i , the number of its parabolic slices. Let c i the loop of the polyhedron P canonically associated to g i . We mark it by (L r i + 2L p i ) markings, corresponding to the consecutive slices of the cylinder, with two markings for each parabolic slice.
The lamination Λ is defined by its intersection with each triangle T in P : Consider a triangle T of P , whose edges c i , c j , c k correspond to the relation g i g j g k = 1 of the presentation.
We link by a leaf a marking of the loop c i with a marking of the loop c j (and similarly by cyclic permutations of i, j and k) if they correspond to coinciding regular slices in the slice decomposition of the cylinders of the triangle (p, g i p, g
Secondly, for each parabolic slice, each of the two corresponding markings on c i is linked with the unique one of the two markings on c j that does not make leaves cross each other. If the parabolic slice belongs to the three sides of the triangle, we link by a leaf one marking of c i with one marking of c j , and similarly by cyclic permutations of i, j, k, in the unique possible way that avoid crossing of leaves.
The two previous cases are the regular arcs of the lamination Λ. Finally, for each triangle (and digone) in P , we add a singular point for the hole in the slice decomposition (Theorem 2.16) and we link it by a singular leaf to the markings of the slices belonging to the hole. This complete the construction of the lamination (see figure 4) .
From this lamination, we will deduce a graph of group (possibly trivial) through which h can be factorized.
In each triangle or digone T ⊂ P , we draw a (disconnected) graph K 
Some of the components of K have edges with one vertex in a hole of a slice decomposition. Let K ′ be the graph obtained from K when one has removed all these components.
There are two kind of connected components of K ′ : the components K i for which a small tubular neighborhood N K i is such that N K i \ K i is disconnected (type I), and those for which it is connected (type II).
The graph of group we consider is as follow. Its vertices are of two kinds. First there are the connected components of P \K ′ , and the groups are the fundamental groups of those components. There are also the components of K ′ of type II, and the groups are the fundamental groups of a small tubular neighborhood. The edges of the graph of group are the components K i of K ′ , and their groups are either π 1 (N K i ), the fundamental group of a small tubular neihgborhood, in the case of a component of type I, or π 1 (N K i \ K i ) otherwise, in type II. Note that in this case,
The image of the stabilizer of an edge of the graph of group has an orbit in K which is contained in a slice. In particular, this orbit is finite.
For the proof, see [Del] . In the case of hyperbolic groups, one deduces that the subgroup is finite ; in our case, by Lemma 3.2, it is either finite or parabolic.
Therefore, if the map h has no accidental parabolic, then the graph of groups is a trivial splitting, and h(G) is the image of a vertex group corresponding to a leaf containing all singular points of the lamination. Therefore h(G) is conjugated to the image of π 1 (λ) (only defined up to conjugacy), where λ is this leaf in P .
Let P Γ be a Van Kampen polyhedron for Γ ; with the choice of our base point p ∈ K, the set of vertices of the universal cover P Γ naturally maps in K. Therefore we can consider pre-images in P Γ of the slices of K. We still denote by h the realization of the morphism as a continuous map from P to P Γ , such that, in the universal cover P Γ , the markings are mapped in the corresponding slices. Moreover we expect the two markings of the parabolic slices to be mapped at distance less than 100δ from the adjacent marking, not in the same slice.
The next lemma is an analogue of Lemma II.1 in [Del] , but cannot be deduced from it, because of the presence of parabolic slices.
Lemma 3.5 Let l 1 , . . . , l k be a sequence of regular arcs of Λ, where l i links the marking ι(l i ) to the marking τ (l i ), and where τ (l i ) = ι(l i+1 ). If the path l 1 l 2 ...l k has no loop, then the path h(l 1 l 2 ...l k ) in P Γ is homotopic, with fixed ends, to a path of length less than 3000δ(Θ + 1) × n.
An arc linking two markings corresponding to slices in a hole of a same triangle maps on a path homotopic, with fixed ends, to a path of length less than (λ(n, δ) + 1) × (12000δ(Θ + 1))
As the arcs are all regular, the path l 1 l 2 ...l k is mapped in the universal cover of P Γ on a path that stays in a same slice, say S. As this space is simply connected, it is homotopic to any path having same ends.
If the slice S is regular, Lemma 2.7 tells that the endpoints are at distance less than 200δ(2Θ+ 1).
If the slice S is parabolic, it is possible that, in the triangle containing l i , the unique slice different from S whose marking is adjacent to ι(l i ) coincide with the unique slice different from S whose marking adjacent to the marking τ (l i ). As long as it is the case, from the previous situation, we see that the image is homotopic with fixed ends, to a path of length less than 200δ(2Θ + 1) + 2 × 100δ.
Assume now that it is not the case, that is, the unique slice different from S whose marking is adjacent to ι(l i ), say S ι+ , do not coincide with a slice of the edge of τ (l i ), say S τ + . We choose a point in each of these slices in K. By Lemma 2.15, they are at distance at most 402δ from each other, and we claim that there is no angle greater than 5Θ between them. For that, we consider a segment between them that passes through the parabolic slice S. By Lemma 2.15, it has no large angle except possibly at S, and if its angle is larger than 5Θ at this point, the third side of the triangle would have this slice as an angular slice also. By the construction of the leaves in a triangle, this would contradict the position of τ (l i ).
Therefore, the distance between the images of ι(l i ) and τ (l i ) is less than 2 × 100δ + 100δ × (5Θ + 1) ≤ 1000δ(Θ + 1). For a path l 1 l 2 ...l k without loop, such a situation can happen only 3n times, where n is the number of triangles. All this together proves the first part of the lemma.
For the second part, notice that the arc we are considering is homotopic with fixed ends in P to a path tracking back on the first side of the triangle, until the first regular arc to the other side, and then tracking on this side to the suitable marking. By theorem 2.2, this path enters in at most 2 × (10λ(n, δ) + 1) slices, none of them having an angle superior to 5Θ. Therefore the distance between the end points of the image is inferior to 2 × (10λ(n, δ) + 1) × (200δ(2Θ + 1)). s] . Finally, the image of the edge e is homotopic with fixed ends to a curve of length less than M , this gives the result.
Finally, we can prove Theorem 3.3. Given a morphism h : G → Γ without accidental parabolics, we apply the previous lemma for E = P Γ , and L the singular leaf of Λ, where L ′ 1 is the set of arcs joining two markings of a hole of a triangle, via the singular point of this triangle, and M = 12000δ(λ(n, δ) + 1)(Θ + 1)} (which is superior to 3000δ(Θ + 1) × n). We get that h(G) is conjugated to a subgroup of Γ generated by curves in P Γ of length bounded by (4 × n × (30λ(n, δ)) 2 + 3) × M . There are finitely many such subgroups, therefore this implies Theorem 0.2.
